In these notes, we carefully analyze the properties of the "ramified" Seiberg-Witten equations associated with supersymmetric configurations of the Seiberg-Witten abelian gauge theory with surface operators on an oriented closed four-manifold X. We find that in order to have sensible solutions to these equations, only surface operators with certain parameters and embeddings in X, are admissible. In addition, the corresponding "ramified" SeibergWitten invariants on X with positive scalar curvature and b + 2 > 1, vanish, while if X has b + 2 = 1, there can be wall-crossings whence the invariants will jump. In general, for each of the finite number of basic classes that corresponds to a moduli space of solutions with zero virtual dimension, the perturbed "ramified" Seiberg-Witten invariants on Kähler manifolds will depend -among other parameters associated with the surface operator -on the monopole number l and the holonomy parameter α. Nonetheless, the (perturbed) "ramified" and ordinary invariants are found to coincide, albeit up to a sign, in some examples. *
that is a section of S + ⊗ L. The curvature two-form of A will be called F ; its self-dual and anti-self-dual projections will be called F + and F − . Since L exists as an ordinary line bundle for X spin, c 1 (L) ∈ H 2 (X, Z).
If w 2 (X) = 0, that is, if X is not spin, then S ± do not exist. Nevertheless, a Spin cstructure exists on any oriented X [2] , and it can be described as a choice of a rank-two complex vector bundle S + ⊗ L. In this situation, L does not exist as a line bundle, but L
⊗2
does. (A physical, path integral demonstration of these statements can be found in [3] , while a similar demonstration for the case with surface operators can be found in [4] .) The data of the SW equations are now a monopole field M that is a section of S + ⊗ L, and a connection on S + ⊗ L with the trace of its curvature form being 2F . Thus, we see that because the monopole field M is coupled to the gauge field A -that is, it is a section of S + ⊗ L instead of S + -it is still well-defined on a non-spin manifold.
At any rate, the SW equations are given by [5] 
Supersymmetric Surface Operators
Let us now include a supersymmetric surface operator in the theory, which is defined by a field configuration that is a solution to the Seiberg-Witten equations with a singularity along a two-cycle D in X. Such a configuration can be represented by a U(1) gauge field which takes the form A = αdθ + . . . The usual prescription employed in interpreting operators which introduce a singularity in the gauge field along a two-cycle D in X, is to consider in the path integral, connections on the U(1)-bundle L restricted to X\D that are singular along D.
1 This is equivalent to considering connections on a U(1)-bundle L ′ that is defined over all of X which has curvature
where F is the curvature of L over X that is therefore singular along D.
2
In other words, one just needs to replace the field strength F that appears in the original Lagrangian with F ′ = F − 2παδ D , and consider integrating F ′ over all of X (instead of just X\D) in evaluating the action. Since the positive-definite kinetic terms of the gauge field in the equivalent action are non-singular, the contributions to the path integral will be non-vanishing, as required of a well-defined theory.
The "Ramified" Seiberg-Witten Equations
The supersymmetric variations of the fields in the presence of a surface operator are the same as those in the ordinary theory without, except that the expression of the (nonsingular) field strength is now given by F ′ . As such, the supersymmetric configurations of the theory obtained by setting the variations of the fermi fields to zero can be written as 1 To understand this, first note that the above-described surface operator is just a two-dimensional analog of an 't Hooft loop operator, and in the case that one inserts an 't Hooft loop operator in X -which introduces a singularity in the gauge field along a loop γ ⊂ X -one can show that in order to have a well-defined theory, we must sum over all connections of the U (1)-bundle over X\γ that has a singularity along γ in the path-integral (see §10.3 of [6] ). Consequently, one should do the same here.
2 To justify this statement, note that the instanton numberk of the bundle L over X\D is (in the mathematical convention) given byk = k + αl − (α 2 /2)D ∩ D, where k is the instanton number of the bundle L over X with curvature F , and l = D F/2π is the monopole number (cf . eqn. (1.7) of [7] for a U (1)-bundle). On the other hand, the instanton number k ′ of the bundle L ′ over X with curvature
Hence, we find that the expressions fork and k ′ coincide, reinforcing the notion that the bundle L over X\D can be equivalently interpreted as the bundle L ′ over X. Of course, for F ′ to qualify as a nontrivial field strength, D must be a homology cycle of X, so that δ D (like F ) is in an appropriate cohomology class of X.
(1.1), albeit in terms of F ′ ; in other words, the "ramified" SW equations will be given by
The above equations are consistent with the fact that the monopole field M is effectively charged under a U(1) gauge field A ′ with field strength F ′ ; that is, M is interpreted as a
In terms of positive and negative Weyl-spinor indicesȦ, A = 1 . . . 2, the "ramified" SW equations can also be expressed as
Last but not least, one can indeed see that since (1.1) holds in the original theory without surface operators, then (1.3) which defines the surface operator, must be a solution to (1.5) . In other words, (1.3) defines a supersymmetric surface operator that is compatible with the underlying N = 2 supersymmetry of the SW theory.
2. The "Ramified" Seiberg-Witten Invariants
Moduli Space and the "Ramified" Seiberg-Witten Invariants
Let us now describe the moduli space M x ′ sw of solutions to the "ramified" SW equations modulo gauge transformations, starting with the dimension.
In order to compute the (virtual) dimension of the moduli space, first consider (as in [5] ) the following elliptic complex obtained via a linearization of the "ramified" SW equations
where t is the linearization of the "ramified" SW equations, and s is the map from zero forms to deformations in A ′ (the connection on L ′ ) and M induced by the infinitesimal action of the U(1) gauge group. Next, define the operator T = s * ⊕ t (where s * is the inverse of s), which can be described as the map
Then, the (virtual) dimension of the moduli space is given by the index of T . By dropping terms in T of order zero, T can be deformed to the direct sum of the operator d + d * (projected onto self-dual two-forms) from Λ 1 to Λ 0 ⊕ Λ 2,+ and the (twisted) Dirac operator 
Consequently, the index of T , which gives the (virtual) dimension of M
For there to be solutions to the "ramified" SW equations, we must have d
sw , it must always be an integer. In the special case that d
the moduli space generically consists of a finite set of points P i,x ′ , i = 1 . . . t x ′ . With each such point, one can associate a number ǫ i,x ′ given by the sign of the determinant of T . The "ramified" SW invariant corresponding to such a particular choice of x ′ is then
As in the ordinary case, let us call such an x ′ a basic class. We will show later that there are only a finite number of basic classes which correspond to SW (x ′ ) = 0, and that
is a topological invariant if b Since ∆ must be an integer, it implies that only manifolds with integral values of (χ + σ)/4
have nontrivial SW (x ′ ). Also, note that we have
where k = − 1 8π 2 X F ∧F and l = D F/2π are integers. Therefore, we find that the integrality of ∆ also implies that
In other words, surface operators that lead to nontrivial SW (x ′ ) will have parameters α, l and self-intersection numbers D ∩ D that obey (2.7) and hence, (2.8) .
Notice that if we replace L by L ′ −1 (and therefore A ′ by −A ′ ), and M by M , the "ramified" SW equations are invariant. Nevertheless, the sign of the determinant of T will be multiplied by (−1) ∆ (cf . [5] ). Hence, we find that
In the general case where d
x ′ sw > 0, x ′ will no longer be given by (2.4), and the "ramified" SW invariants will be given by (cf . [8] )
where d
sw − r must be even and positive, a d is the vacuum expectation value of the complex scalar ϕ d in the N = 2 "magnetic" U(1) vector multiplet, and
where ψ d is a (spacetime) one-form fermi field that is also in the N = 2 "magnetic" U (1) vector multiplet. Also, δ 1 , . . . , δ r ∈ H 1 (X, Z) with duals β 1 . . . β r ∈ H 1 (X, Z). Alternatively, the cokernel of T will, in this case, be a vector bundle V over M x ′ sw , and its Euler class integrated over M
In the case of d x ′ sw = 0 (where the invariants can only be defined as (2.5)), there will potentially be a difference between the ordinary and "ramified" SW invariants if the sign of the determinant of T involves F ′ ; it is only through F ′ that the invariants can inherit a dependence on α and l, which, then, distinguishes them from the ordinary invariants. On the other hand, for d
x ′ sw > 0, the expression of the invariants in (2.10) already manifestly depends on α and l through d
Orientation of the Moduli Space
In order for the above discussion to be technically consistent, one still needs to pick an orientation on M x ′ sw . Equivalently, one needs to pick an orientation of the cohomology groups
The line H 0 (X, R) has a canonical orientation, given by the class of the constant function sw , one just needs to pick an orientation of
as in the ordinary case.
Wall-Crossing Phenomenon
Generically, SW (x ′ ), which 'counts' the number of solutions to the "ramified" SW equations (weighted by a sign), is a topological invariant. Nevertheless, under certain special conditions, it can jump as one crosses a "wall" while moving in the space of metrics on X.
This subsection is devoted to explaining this in detail.
A Relevant Digression
Before we proceed further, let us discuss something that was implicit in our discussions hitherto: that L ′ exists as a (complex) line bundle over X which is spin, so c 1 (
In other words, U (F ′ /2π) ∈ Z for any integral homology 2-cycle U ⊂ X (assuming, for simplicity, that the homology of X is torsion-free), and therefore, α(U ∩ D) ∈ Z in any physically sensible solution. Note that this condition is consistent with the fact [10] that one can invoke a twisted U(1)-gauge transformation in the physical theory -that leaves the holonomy exp(−2πα) and thus the effective "ramification", invariant -which shifts α → α + u for some non-integer u, such that non-trivial values of α can, in this context, be regarded as integers; in particular, this also means that α(D ∩ D) ∈ Z -a condition which underlies the integrality of the monopole number l.
Wall-Crossing Phenomenon
Now, since M is charged under the gauge field, it is acted upon by gauge transformations. Consequently, any solution to the "ramified" SW equations with M = 0 represents a fixed, singular point in M
x ′ sw -the space of all solutions modulo gauge transformations. As such, it would -as in the case with Donaldson theory [11] -result in a jump in SW (x ′ ) as one crosses a "wall" while moving in the space of metrics on X. In other words, SW (x ′ ) will fail to be a topological invariant if there is a nontrivial solution to F ′ + = 0 -the "ramified" abelian instanton. Let us ascertain when such a nontrivial "ramified" abelian instanton exists.
lies at the intersection of the integral lattice in H 2 (X, R) and its anti-self-dual subspace H 2,− (X, R). As long as b + 2 ≥ 1, so that the self-dual part of H 2 (X, R) is non-empty, the intersection in question just consists of the zero-vector. Hence, for a generic metric on X, there are no "ramified" abelian instantons.
Nonetheless, for SW (x ′ ) to qualify as a genuine topological invariant, it will mean that along any path that connects two generic metrics on X, there cannot be a "ramified" abelian instanton. This can fail for b 
Since b 1 = 0, it will mean that one can always make a choice of δA ′ which is d-exact.
Moreover, since F ′ + (A 0 ) = 0 at ǫ = 0, it will mean that F ′ + (A 0 ) is proportional to ǫ. Hence, (2.13) can also be written as
where c is some constant.
Clearly, since |m| 2 is always positive, it will mean from (2.14) that for b 1 = 0 and b + 2 = 1, the number of solutions SW (x ′ ) to the "ramified" SW equations will jump by +1 or −1 as one crosses a "wall" in going from ǫ < 0 to ǫ > 0, depending on the sign of c.
Last but not least, at the "wall" where F ′ + = 0 is supposed to be a solution of the "ramified" SW equations, we must have d
(where * is the Hodge-dual operator), we also have x ′ 2 < 0. Then, for b 1 = 0 and b + 2 = 1, we find that
Hence, for "ramified" SW wall-crossing to occur at a particular metric on X, the corresponding values of α, D ∩ D, l and k must obey the inequality above. In particular, the location of the "wall" will now depend on the parameter α.
Properties of the "Ramified" Seiberg-Witten Invariants and their Basic Classes
Properties of the "Ramified" SW invariants
Let us now explore the properties of the "ramified" SW invariants through some vanishing theorems. As a start, let us first schematically write the "ramified" SW equations as
and D / M = 0. Next, note that from the coupled Lichnerowicz formula [12] , we have Altogether, this means that we can write
where we have used the fact that (φ(M)
where , is the inner product relevant to the field Ω.
Since we have, at the outset, assumed that F What can we say when X has R = 0? Let us consider a perturbation of the "ramified" SW equations, which now read F ′ + = φ(M) − ρ + and D / M = 0, where ρ + is a perturbation self-dual harmonic two-form like F ′ + ; the data of the perturbed "ramified" SW equations can then be identified with a point in the space of pairs (ḡ, ρ + ) on X. Next, perturb the metric g to another metricḡ ′ . Altogether, I will be replaced by Based on our earlier analysis, there are no solutions to the "ramified" SW equations along the cylinder. This means that solutions to the "ramified" SW equations on X must come only from solutions on N ′ and solutions from N ′′ . This means that the moduli space of solutions on X will be given by
Note that any Chern class of the line bundle L ′ over X is given by the Chern class of L ′ over N ′ plus the Chern class of L ′ over N ′′ . Likewise for the signature σ(X). Note also that
Since we are interested in the case where dimM X = 0, it must mean that either dimM N ′ or dimM N ′′ has (virtual) dimension −1, that is, it is empty. 3 In turn, we find from (2.19) that M X is also empty. Therefore, SW (x ′ ) = 0 on X.
About the Basic Classes x

′
We shall now demonstrate that there are only a finite number of choices of x ′ that give rise to non-zero SW (x ′ ). To begin, first note that for SW (x ′ ) to be non-zero, I in (2.17) must be zero, that is,
This implies that
where we used the Cauchy-Schwarz inequality in the last step. Since |F ′ + | ∼ |M| 2 , we then find that
(2.23) 3 Recall that because b + 2 ≥ 1 for either N ′ or N ′′ , it will mean that for a generic metric, there are no "ramified" abelian instantons F ′ + = 0 and hence, no solutions to M = 0. Consequently, M N ′ and M N ′′ are both smooth manifolds with non-negative (virtual) dimension. As such, they will be empty if found to have negative (virtual) dimension.
for some constant ζ. Therefore,
for some constant ζ ′ . Finally, since d ≥ 0 for SW (x ′ ) = 0, we find from (2.3) that
Thus, we see that there are only a finite number of choices of basic classes
that result in SW (x ′ ) = 0; namely, those that satisfy (2.25).
The "Ramified" Seiberg-Witten Invariants on Kähler Manifolds
We shall now specialize to the case where X is Kähler, and ascertain the (perturbed)
"ramified" SW invariants. To this end, we shall adopt a strategy similar to that employed in [5] .
The Moduli Space of The "Ramified" Seiberg-Witten Equations On Kähler Manifolds
Constraint on the Embedding D in Kähler Manifolds
If X is Kähler and spin (as assumed at the outset), Let us denote the components of
respectively. The equation F ′ + = φ(M) can now be decomposed as
Here, ω is the Kähler form and F 
As before, solutions to the "ramified" SW equations would be such that the right-hand-side of (3.2) vanishes. Notice that for non-zero ξ and/or β, there can only be solutions to the equations (for non-flat F ′ ) if R < 0. This agrees with our earlier observation that SW (x ′ )
vanishes on manifolds with positive scalar curvature.
Consider the map
Notice that the above map is a symmetry of the right-hand-side of (3.2). This means that for some value of ξ and β that (3.2) is zero, that is, for some solution of the "ramified" SW equations, the above map gives another zero of (3.2) and hence, another solution to the "ramfied" SW equations. Notice, that the two solutions related by the map can satisfy (3.1)
only if ξβ andξβ are zero, that is,
This means that the connection A ′ defines a holomorphic structure on L ′ . The basic classes
are therefore of type (1, 1) for any Kähler structure on X.
This constraints the number of admissible embeddings D of the surface operator in X:
we find that there can only be a total of h 1,1 = b 2 − 2h 2,0 instead of b 2 choices of D among the linearly-independent two-cycles in (the torsion-free part of ) H 2 (X, Z) if it is Kähler, where
If ξβ (orξβ) is to vanish whilst F ′ 1,1 ω = 0, it would mean that either ξ = 0 and β = 0, or ξ = 0 and β = 0. Consequently, the second of the "ramified" SW equations will read ∂ A ′ β = 0 or∂ A ′ ξ = 0, respectively, where∂ A ′ is the∂-operator on L ′ -that is, ξ and β are holomorphic sections of the appropriate bundles when they do not vanish.
Let us now consider the case where β = 0. (The discussion involving ξ = 0 is more or less identical; one just has to replace L ′ with L ′ −1 throughout our proceeding discussion).
Then the space of connections A ′ and sections ξ of the bundle K 1/2 ⊗ L span a symplectic manifold, with symplectic structure defined by
On this symplectic manifold acts the group of U(1) gauge transformations. The moment map µ for this action is the quantity that appears in the (1, 1) equation of (3.1), that is
Consequently, the moduli space M
x ′ sw can be obtained by setting to zero the above moment map and dividing by the group of U(1) gauge transformations. This should be equivalent to dividing by the complexification of the group of gauge transformations. In the case at hand, the complexification of the group of gauge transformations acts by ξ → λξ,
where λ is a map from X to C * .
Conjugation by λ has the effect of identifying any two A ′ 's that define the same complex
sw is the moduli space of pairs consisting of a complex structure on L ′ , and a non-zero holomorphic section ξ of K 1/2 ⊗ L ′ that is defined up to scaling.
Furthermore, if X has b 1 = 0, then the complex structure on L ′ (if it exists) is unique.
M
x ′ sw will then be a complex projective space,
. Nevertheless, since ξ is holomorphic, by the maximum modulus principle [14] , ξ is constant. Consequently, M
x ′ sw consists only of a single point.
The "Ramified" Seiberg-Witten Invariants on Kähler Manifolds
The Basic Classes x ′ Recall from our analysis at the end of the previous section that there are only a finite number of x ′ 's. Generalizing the analysis in §4 of [5] to the "ramified" case, (which simply involves replacing the ordinary U(1)-bundle in [5] with L ′ ), we learn that the x ′ 's correspond (possibly in a one-to-many fashion) to the independent global sections of the canonical line bundle K of (2, 0)-forms on X. In other words, the total number of independent basic classes x ′ will be given by dim[H 0 (X, K)], at most. For example, for ruled surfaces given by an S 2 -bundle over a Riemann surface Σ g of genus g, the scalar curvature R is positive (for a metric where S 2 is small) and b 1 = 2g.
It also has b + 2 = 1, and thus, one can find a solution to F + = −ρ + = 0 for some special pair (ḡ, ρ + ) s ; this implies that there can be wall-crossings, since M = 0. The wall-crossing formula of the ordinary perturbed SW equations has been determined in [15] , and since the ordinary perturbed SW invariants vanish in some chamber in the space of pairs (ḡ, ρ + ) when R > 0, the wall-crossing formula in [15] actually gives us the exact non-zero expression of the ordinary perturbed SW invariants for some other pair (ḡ ′ , ρ ′ + ) in an adjacent chamber. As the "ramified" SW equations are just the ordinary SW equations with the ordinary U(1)-bundle replaced by L ′ , and since the perturbed "ramified" SW invariants also vanish in some chamber in the space of pairs (ḡ, ρ + ) when R > 0 (as argued in §2.3), their non-zero values for some other pair (ḡ ′ , ρ ′ + ) in an adjacent chamber will be given by (cf . [15] )
The dependence of SW (x ′ ) on the parameter α is manifest; however, the dependence on l and D ∩ D is still implicit. Nevertheless, as we shall see when we consider an explicit example below, all parameters can be made manifest in the final expression of SW (x ′ ).
Also, SW (x ′ ) is not necessarily equal to ±1 unless g = 0 -this is consistent with our earlier analysis, where we showed that for b 1 = 0 and b + 2 = 1, the "ramified" invariants will jump by ±1. 5 Actually, we showed this to be true of the unperturbed invariants at the end of §2.2. Nevertheless, one can generalize the analysis to include the perturbation two-form ρ + , whereby ρ + necessarily vanishes at ǫ = 0, as this is where the intersection of the integral lattice in H 2 (X, R) with its anti-self-dual subspace H 2,− (X, R) is non-zero. In doing so, one will obtain a similar conclusion -that the perturbed invariants will jump by ±1 in crossing a "wall", if Now consider a Kähler manifold X with b
there is a unique choice of embedding D of the surface operator in P 2 . Because X has R > 0, we have SW P 2 (x ′ ) = 0 for some metric. 7 However, since b + 2 (X) = 1, there can be wall-crossings. Nevertheless, since b 1 (X) = 0, the condition (2.15) for wall-crossings to occur
for any metric on P 2 . Therefore, the unperturbed "ramified" and ordinary invariants coincide in this case.
The Invariants on P 2 ♯NP 2
Let us consider X to be the rational elliptic surface P 2 ♯NP 2 given by the blow-up of for any metric on P 2 ♯NP 2 . Thus, the unperturbed "ramified" and ordinary invariants coincide.
The Invariants on S 2 × Σ g Now consider X to be a general product ruled surface S 2 × Σ g for g > 0. Then b 1 (X) = 2g, b + 2 (X) = b − 2 (X) = 1, and χ(X) = 4(1−g). In addition, we have S 2 ∩S 2 = Σ g ∩Σ g = 0, and Σ g ∩S 2 = 1. Since R > 0 (for a metric where S 2 small enough), we have SW S 2 ×Σg (x ′ ) = 0 for 7 Although P 2 is not spin, our earlier arguments relevant to the present analysis can be generalized to include non-spin manifolds. some pair (ḡ, ρ + ). Nonetheless, there can be wall-crossings as explained, and SW S 2 ×Σg (x ′ )
will jump as we cross a "wall" into an adjacent chamber in the space of pairs.
Notice that there are h 1,1 = 2 admissible choices of D; it can either be Σ g or S 2 . If D = S 2 , from (3.7), the perturbed "ramified" SW invariants will, at some pair (ḡ ′ , ρ ′ + ) in an adjacent chamber in the space of pairs, be given by
as S 2 ∩ S 2 = 0. On the other hand, if D = Σ g , we have
for some integer p, since F ′ /2π ∈ H 2 (X, Z). 
where i = 1, 2, {q 1 , q 2 } = {a, c}, {r 1 , r 2 } = {b, d}, {k 1 , k 2 } = {m, n}, l i = D i F/2π, and [c 1 (L)](Σ g ) = − Σg F/2π.
The explicit dependence of the perturbed "ramified" SW invariants on the monopole numbers l i , holonomy parameters α i and self-intersection numbers D i ∩ D i of the two admissible surface operators, are manifest in the above formula. Clearly, from (3.12), (3.13) and (3.14), we see that the perturbed "ramified" and ordinary invariants do not necessarily coincide on a general product ruled surface with g > 0.
